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Type Explanation 
Intuition Instead of directly integrating to find the areas, we can approximate these areas by drawing shapes underneath the curves and adding the areas of all the 

shapes together.  The shapes we commonly draw are rectangles (known as Riemann Sum) or trapezia (known as trapezium rule). We can then add up all the 
areas of these shapes individually. Remember, definite integrals represent the exact area under a given curve, so it should make total sense that we can 
consider the shapes underneath the curve and find their areas instead.  The more trapezia/rectangles we draw, the better the answer that we get 
approximates the actual value of ∫ 𝑓(𝑥)!

" 𝑑𝑥.  You will never get the EXACT area but at least it will be more accurate (unless you have a horizontal line with a 
Riemann sum or diagonal line with trapezium sum then it will be exact) 

Left Riemann 
Sum 
 
 

Each rectangle's height is determined by evaluating f(x) at the LEFT-hand endpoint of the subinterval the rectangle lives on i.e. the height (y 
coordinate) of each rectangles is determined by left endpoint of each 𝑥 interval for each rectangle shown with the pink point 

 
General formula: ∫ 𝑦!" 𝑑𝑥 = 𝒘[𝒚𝟎 + 𝒚𝟏 + 𝒚𝟐 + 𝒚𝟑 +⋯𝒚𝒏(𝟏]    where	𝑤 = !("

)
 = !("

)*+!,-	/0	-,12")34,5/52-785	
= !("

)*+!,-	/0	1//-97)"2,5(:	
 

The formula basically says ℎ[152	𝑦	 + 2)9	𝑦 + 3-9	𝑦 + ⋯+ (𝑜𝑛𝑒	𝑓𝑟𝑜𝑚	𝑙𝑎𝑠𝑡)𝑦]   
 
What happens when the widths aren’t the same? We can’t use the formula as the width cannot be found by !("

)
 since you will not be dividing the interval 

evenly.  We do manually it by adding all the individual rectangle areas.  Notice how we don’t use the 𝑥 values, we use the widths and the 𝑦 coordinates! 

 
Increasing⟹underestimate and decreasing ⟹overestimate 

Right 
Riemann Sum 

Each rectangle's height is determined by evaluating f(x) at the RIGHT-hand endpoint of the subinterval the rectangle lives on i.e. the height (y coordinate) of 
each rectangles is determined by right endpoint of each 𝑥 interval for each rectangle, shown with the blue point 

 
General formula: ∫ 𝑦!" 𝑑𝑥 = 𝒘[𝒚𝟏 + 𝒚𝟐 + 𝒚𝟑 +⋯𝒚𝒏]  where	ℎ = !("

)
  = !("

)*+!,-	/0	-,12")34,5/52-785	
= !("

)*+!,-	/0	1//-97)"2,5(:	
	 

The formula basically says ℎ[152	𝑦	 + 2)9	𝑦 + 3-9	𝑦 + ⋯+ (	𝑙𝑎𝑠𝑡)𝑦]   
 
What happens when the widths aren’t the same? We can’t use the formula as the width cannot be found by !("

)
 since you will not be dividing the interval 

evenly.  We do manually it by adding all the individual rectangle areas.  Notice how we don’t use the 𝑥 values, we use the widths and the 𝑦 coordinates! 

 
Increasing⟹overestimate and decreasing ⟹underestimate 
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Midpoint 
Riemann Sum 

Each rectangle's height is determined by evaluating f(x) at the middle of the subinterval the rectangle lives on i.e. the height (y coordinate) of each rectangles 
is determined by middle of each 𝑥 interval for each rectangle, , shown with the purple point 

 
General formula: 
Notice how we don’t use the 𝑥 values, we use the widths and the 𝑦 coordinates! 

General formula: ∫ 𝑦!" 𝑑𝑥 = 𝒉 ?𝒚𝟏
𝟐
+𝒚𝟑

𝟐
+𝒚𝟓

𝟐
+⋯+𝒚𝒏−𝟑𝟐

+𝒚𝒏−𝟏𝟐
@ where ℎ = #$%

&'(#)*	,-	*)./%&01)2/2/*452	
= #$%

&'(#)*	,-	.,,*64&%/)2$7	
 

The formula basically says ℎ[𝑚𝑖𝑑𝑑𝑙𝑒	𝑜𝑓	152	𝑡𝑤𝑜	𝑦;𝑠	 + 𝑚𝑖𝑑𝑑𝑙𝑒	𝑜𝑓	2)9	𝑎𝑛𝑑	3-9 +𝑚𝑖𝑑𝑑𝑙𝑒	𝑜𝑓	3-9	𝑎𝑛𝑑	42<𝑦 + ⋯+𝑚𝑖𝑑𝑑𝑙𝑒	𝑜𝑓	𝑜𝑛𝑒	𝑓𝑟𝑜𝑚	𝑙𝑎𝑑𝑡	𝑎𝑛𝑑	𝑙𝑎𝑠𝑡	𝑦]   
 
What happens when the widths aren’t the same? We can’t use the formula as the width cannot be found by !("

)
 since you will not be dividing the interval 

evenly.  We do manually it by adding all the individual rectangle areas.  Notice how we don’t use the 𝑥 values, we use the widths and the 𝑦 coordinates! 

 
Concave up ⟹overestimate in total and concave down ⟹underestimate in total 
The midpoint sum is better than trapezium rule below since the errors balance each other out.  It Overestimates AND underestimates. The Mid ordinate is 
more accurate than trapezium rule below, but trapezium rule is more accurate than left and right sums.  

Trapezium 
Rule 

Now drawing trapezia instead of rectangles 

 

 
General formula: ∫ 𝑦!" 𝑑𝑥 = 	 𝒉

𝟐
[𝒚𝟎 + 𝟐(𝒚𝟏>𝒚𝟐>𝒚𝟑>𝒚𝟒 +⋯) + 𝒚𝒏]  where ℎ = 

#$%
&'(#)*	,-	2/*452	

= #$%
&'(#)*	,-	.,,*64&%/)2$7	

 

The formula basically says :
@
ℎ[1𝑠𝑡	𝑦	 + 2(𝑚𝑖𝑑𝑑𝑙𝑒	𝑦;𝑠) + 𝑙𝑎𝑠𝑡𝑦]  

 
What happens when the widths aren’t the same? We can’t use the formula as the width cannot be found by !("

)
 since you will not be dividing the interval 

evenly.  We do manually it by adding all the individual trapezia areas.  Notice how we don’t use the 𝑥 values, we use the widths and the 𝑦 coordinates! 

` 
concave up⟹overestimate and concave down ⟹underestimate 


